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Abstract 

A benchmark exact two-dimensional (2D) coupled piezothermoelasticity solution is presented 

for the buckling and free vibration analysis of simply-supported symmetric piezoelectric hybrid 

beams and infinite panels under initial inplane electrothermomechanical loads. The govern-

ing equations for the buckling/vibration mode are obtained using nonlinear Lagrangian strain-

displacement relations and second Piola-Kirchhoff stress components. The effect of initial trans-

verse normal strain, which is significant for thermoelectric loading, is accounted for. Both the 

open and closed circuit conditions are considered. Benchmark results for the critical values of 

axial strain, potential and temperature for buckling, and for the natural frequencies under initial 

stress are presented for hybrid highly inhomogeneous composite, cross-ply composite, angle-ply 

composite and soft-core sandwich laminates. 

An efficient coupled geometrically nonlinear 1D zigzag theory is presented for hybrid beams 

under electrothermomechanical loading, by extending a recently developed linear theory. The 

geometric nonlinearity is included due to deflection in Von Kaman sense. This theory considers 

a global third order variation with a layerwise linear variation across the thickness for the axial 

displacement, a sublayerwise linear variation for the electric potential and the thermal field, and 

a sublayerwise quadratic variation for the deflection, which directly accounts for the transverse 

extensibility due to the thermal and electric fields. The theory is as efficient as a smeared third 

order shear deformable theory (FSDT), since the displacement field is finally expressed in terms 

of only three displacement variables by satisfying exactly the conditions on the transverse shear 

stress at the layer interfaces and at the Lop and the bottom surfaces. The governing nonlin-

ear coupled field equations of momentum and charge balance, and the variationally consistent 

boundary conditions are derived using the extended Hamilton's principle. The nonlinear theory 

is used to obtain the initial buckling and free vibration response of symmetrically laminated 

hybrid simply-supported beams under initial inplane electrothermomechanical loading. 

A new finite element (FE) model of the 1D zigzag theory is developed for the linear static 

and dynamic analysis of hybrid beams under electrothermomechanical loading. The beam ele-

ment has two nodes with four mechanical degrees of freedom and a variable number of electric 
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potential degrees of freedom for each node. The cubic Herroite interpolation is used for the 

deflection and electric potentials, and linear interpolation is used for the axial displacement 

and the shear rotation. The temperature is interpolated using quadratic Lagrange interpolation 

function introducing an additional node at the centre of the beam element. A consistent rec-

tangular six-node thermal finite element with a quadratic interpolation along the axial direction 

and linear interpolation along the thickness direction is used for the thermal analysis. A coupled 

geometrically nonlinear consistent third order theory (CTOT) and its finite element model for 

the linear case are also developed. This theory satisfies the shear traction-free conditions at 

the top and the bottom surfaces of the beam for any electrical boundary conditions unlike the 

available third order theory (TOT). 

The new zigzag theory is assessed for buckling and free vibration response under initial elec-

trothermomechanical load, by comparing its results 14 simply-supported hybrid beams with the 

exact 2D piezotherrnoelasticity solutions developed herein. The zigzag theory is also assessed for 

the linear response of hybrid beams with various boundary conditions, by comparing the results 

of its 1D FE model with the 2D FE results obtained using plane stress element in ABAQUS. This 

assessment is presented for linear static and dynamic response under electromechanical loads 

and static response under thermal loads. The zigzag theory results are also compared with the 

TOT, the CTOT and the FSDT, which have the same efficiency as the zigzag theory. Such com-

parison with the 2D piezothermoelasticity solutions establishes the accuracy of the displacement 

field approximations made in the 1D theories. Hybrid beams with highly irthomogeneous test 

type, composite and soft, core sandwich laminates are 'considered for the assessment. 

The major contributions of this work are a) development of an exact 2D coupled piezother-

moelasticity solution for buckling and free vibration of simply supported symmetric hybrid 

beams under initial axial stress due to electrothermomechanical loading, b) development of an 

efficient geometrically nonlinear 1D zigzag theory for electrothermomechanical analysis of hybrid 

beams and its finite element model for the linear case; c) development of a coupled geometrically 

nonlinear consistent third order theory along with its finite element model for the linear case, 

and d) an assessment of the developed 1D theories for (1) buckling and free vibration response 

under initial stresses by comparison with the analytical exact 2D solution of simply-supported 

beams, and (2) for linear static and dynamic response of hybrid beams with other boundary 

conditions by comparison with the 2D finite element solutions. It is concluded that the zigzag 

theory is as efficient as the FSDT, TOT and CTOT, and yet yields generally far superior and 

accurate results for static, dynamic and buckling response of moderately thick to thin hybrid 

composite and sandwich beams for all kinds of lay-ups, loadings and boundary conditions. 

iv 



Contents 

Certificate 

Acknowledgements 	 ii 

Abstract 	 ii 

Contents 

List of Figures 	 ix 

List of Tables 	 xiv 

1 Introduction 1 
1.1 PREFACE 	  1 
1.2 MODELLING OF PIEZOELECTRIC HYBRID LAMINATES 	  2 

1.2.1 	Exact 3D Piezothermoelasticity Solutions 	  4 
1.2.2 	Approximate 3D Piezothermoelasticity Solutions 	  4 

1.2.3 	Equivalent Single Layer (ESL) Theories 	  4 
1.2.4 	Discrete Layer Theories (DLTs) 	  5 
1.2.5 	Efficient Layerwise Theories 	  5 

1.3 REVIEW OF AVAILABLE THEORIES FOR HYBRID LAMINATES 	 5 
1.3.1 	3D Exact Solutions 	  6 
1.3.2 	ESL and Layerwise Theories for Electromechanical Load 	  7 
1.3.3 	ESL and Layerwise Theories for Thermoelectric Load 	  9 
1.3.4 	Geometrically Nonlinear Theories 	  10 
1.3.5 	Efficient Layerwise Theories 	  11 

1.4 OBJECTIVES OF THE PRESENT WORK 	  13 
1.5 ORGANISATION OF THE THESIS 	  14 
1.6 CONSTITUTIVE EQUATIONS FOR ANGLE-PLY BEAMS/PANELS 	 17 



1.6.1 Constitutive Equations for 2D Models of Beams and Panels 	 20 

1.6.2 Constitutive Equations for 1D Models of Beams and Panels 	 21 

2 Exact 2D Solution for Buckling and Vibration of Initially Stressed Hybrid 

Beams 	 24 

2.1 INTRODUCTION 
	 24 

2.2 GOVERNING EQUATIONS FOR 2D EXACT SOLUTION 	  25 

2.3 SOLUTION FOR INITIALLY STRESSED STATE 

2.1 GOVERNING EQUATIONS FOR BUCKLING/VIBRATION MODE 	 32 

2.0 GENERAL SOLUTION OF 2D GOVERNING EQUATIONS 	  35 

	

2.6 RESULTS FOR BUCKLING UNDER ELECTROMECHANICAL LOADS   11 

RESULTS FOR FREE VIBRATION UNDER INITIAL ELECTROME-CHANICAL 

LOADS 	  49 

2.8 RESULTS FOR BUCKLING UNDER THERMAL LOAD 	  52 

2.9 RESULTS FOR FREE VIBRATION UNDER INITIAL THERMAL LOAD . . rQ. 

2.10 CONCLUSIONS 	  61 

	

3 Geometrically Nonlinear Zigzag Theory 	 62 

3.1 INTRODUCTION 	  62 

3.2 APPROXIMATION OF THERMAL, POTENTIAL AND DISPLACEMENT FIELDS 63 

3.3 EXTENDED HAMILTON'S PRINCIPLE 	  70 

3.4 INERTIA MATRICES 	  71 

3.5 GENERALISED STRESS AND ELECTRIC DISPLACEMENT RESULTANTS 72 

3.6 LOAD TERMS 	  73 

3.7 DYNAMIC FIELD EQUATIONS AND BOUNDARY CONDITIONS 	 74 

3.8 BEAM CONSTITUTIVE EQUATIONS 	  75 

3.9 COUPLED ELECTRO-MECHANICAL DYNAMIC EQUATIONS 	 78 

3.10 BUCKLING AND FREE VIBRATION UNDER INITIAL STRESSES 	 79 

3.11 ANALYTICAL SOLUTION FOR SIMPLY-SUPPORTED BEAM 	 S1 

3.11.1 Linear Static and Dynamic Response 	  81 

3.11.2 Buckling and Free Vibration of Initially Stressed Beam 	  84 

	

4 Finite Element Model of Zigzag Theory 	 86 

4.1 INTRODUCTION 	  86 

4.2 INTERPOLATION AND VARIATIONAL EQUATION 	  87 

4.3 ELEMENT STRAINS 	  90 

29 

vi 



4.4 ELEMENT INERTIA, STIFFNESS, DAMPING MATRICES AND LOAD VEC- 

TOR 	  92 

4.5 ELEMENTS OF STIFFNESS MATRIX AND LOAD VECTOR 	  99 

4.6 BOUNDARY CONDITIONS FOR VARIOUS END SUPPORTS 	  106 

4.7 SYSTEM EQUATION FOR SENSORY/ACTIVE RESPONSE 	  107 

4.S THERMAL FINITE ELEMENT ANALYSIS 	  108 

4.9 COMPUTER IMPLEMENTATION 	  110 

5 Geometrically Nonlinear CLT, FSDT, TOT and CTOT 112 

5.1 INTRODUCTION 	  112 

0.2 DISPLACEMENT, THERMAL AND POTENTIAL FIELDS 	  113 

5.3 EXTENDED HAMILTON'S PRINCIPLE 	  115 

5.4 DYNAMIC FIELD EQUATIONS AND BOUNDARY CONDITIONS 	 117 

5.5 BEAM CONSTITUTIVE EQUATIONS 	  119 

5.6 COUPLED ELECTRO-MECHANICAL DYNAMIC EQUATIONS 	 121 

5.7 ANALYTICAL LINEAR SOLUTION FOR SIMPLY-SUPPORTED BEAM . 	. 122 

5.8 FINITE ELEMENT MODEL FOR CLT, TOT AND CTOT 	  123 

Assessment of Zigzag Theory for Buckling and Vibration under Initial Stress127 

6.1 INTRODUCTION 	  127 

6.2 ASSESSMENT FOR BUCKLING UNDER. ELECTROMECHANICAL LOADS . 12$ 

6.3 ASSESSMENT FOR FREE VIBRATION UNDER INITIAL ELECTROMECHAN- 

ICAL LOADS 	  139 

6.4 ASSESSMENT FOR BUCKLING UNDER THERMAL LOAD 	  146 

6.5 ASSESSMENT FOR FREE VIBRATION UNDER INITIAL THERMAL LOAD 153 

6.6 CONCLUSIONS 	  158 

7 Finite Element Results for Zigzag Theory 159 

7.1 INTRODUCTION 	  159 

7.2 STATIC RESPONSE UNDER ELECTROMECHANICAL LOADS 	 160 

7.2.1 	Response for Beams with Continuous Piezo-Layers 	  160 

7.2.2 	Response for Beams with Patch Piezo-Layer 167 

7.3 DYNAMIC RESPONSE UNDER ELECTROMECHANICAL LOADS 	 173 

7.3.1 	Free Vibration Response 	  175 

7.3.2 	Forced Vibration Response 	  179 

7.4 STATIC RESPONSE UNDER THERMAL LOADS 	  183 

vii 



7.4.1 Validation of Present Thermal FE Analysis Results 	 184 

7.4.2 Convergence Study and Validation of the Zigzag FE Model 	 184 

7.4.3 Assessment of the Present FE Model 	  188 

7.5 CONCLTJSIONS 	  201  

8 Finite Element Results for CTOT and Assessment 	 202 

8.1 INTRODUCTION 	  202 

8.2 STATIC RESPONSE UNDER ELECTROMECHANICAL LOADS 	 203 

8.3 DYNAMIC RESPONSE UNDER ELECTROMECHANICAL LOADS 	 212 

8.3.1 Free Vibration Response 	  212 

8.3.2 Forced Vibration Response 	  215 

8.4 STATIC RESPONSE UNDER THERMAL LOADS 	  219 

8.5 CONCLUSIONS 	  227 

9 Conclusions 	 228 

9.1 CONCLUSIONS FROM THE PRESENT WORK 	  228 

9.2 FUTURE SCOPE OF WORK 	  231 

Bibliography 	 232 

Brief Biodata of the Author 	 244 

List of Publications from the Thesis 	 245 

viii 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11

