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Abstract

This thesis presents a study of facility location problems with a focus on extending the un-
capacitated facility location problem to different settings. The (metric) uncapacitated facility
location problem is defined as follows: given a set C' of clients and a set F’ of locations where
a facility can be opened, all situated within a metric space and governed by a cost function
¢ : F x C — R*, with each facility 7 incurring a facility opening cost of f; and can serve
an unlimited number of clients. The objective is to identify the placement of optimal locations
for opening facilities that collectively minimize the total cost of opening these facilities and

connecting clients to them.

First, we consider the problem of locating service and charging stations to facilitate efficient
commuting. This scenario deviates notably from traditional facility location problems, as the
clients are not stationary vertices; instead, they navigate through the graph using specified paths
or routes. While the underlying cost function retains the metric property, it’s important to note
that the shortest paths from a client to its nearest facility (also known as a detour) may not

strictly adhere to metric characteristics.

In the service station location problem, we are given the paths followed by m clients and wish
to locate k service stations, from a set of feasible locations, such that the maximum detour that
a client has to take is minimized. We give a solution that has a maximum detour 30PT + L

where L is the length of the longest client path when we are allowed to open facilities on a

vil



subset of all vertices. If we are permitted to establish facilities at any vertex in the graph then

the maximum detour is bounded by 20PT + L.

Electric vehicles have a limited range and charging stations need to be located so that a client
can drive from the source to the destination without running out of charge. We consider two
variants of the problem. In the first, given source and destination vertices for each client, the
task is to locate charging facilities at a subset of locations, ensuring each client can feasibly
traverse from source to destination without running out of charge. In the second variant with
clients specifying their intended paths, the objective is to locate the charging facilities such that
each client can follow its path without any detours. In both instances, the objective remains the
minimization of the number of charging stations while ensuring feasible paths for the clients.
On general graphs, the problem with source-destination pairs is at least as hard as the node-
weighted group- Steiner tree but if we allow vehicles in our solution to have a range of 4 times
that of the optimum then we obtain an 8-approximation. For the problem with specified paths,
we show that finding an o(log m) approximation is hard even when vehicles of our solution

have a range that is a constant times larger than that of the optimum solution.

For all these variants of locating service and charging stations problem, when the underlying
graph is a tree and the facility can be located at any vertex on the tree, we show that the problem

can be solved in polynomial time.

We now shift our focus to the problem of hierarchical facility location (HFLP). This problem
extends the uncapacitated facility location problem such that the clients also demand a service
that can be fulfilled by a facility and the clients connect to a facility only if the demanded
service is installed at an open facility. Each facility has its own facility opening cost. The
cost of installing services is given by a rooted tree and the cost of installing any service(s) is
the cost of the tree induced by the leaves corresponding to this service(s) and the root. The

tree representing the service installation cost at every facility is identical. The connection costs



between the clients and the facilities form a metric. Thus given a set C of clients and a set
F’ of locations, the objective is to identify a set O C [ of locations to open facilities, install
services, and assign clients to these open facilities to minimize the sum of connection costs,

service installation costs, and facility opening costs.

A local search algorithm by Svitkina and Tardos [46] gives a 4.237 approximation for this
problem. Hierarchical facility location is a special case of the submodular facility location
where the facility opening cost is a submodular function of the clients served by the facility.
An O(loglog n) approximation for this problem was recently proposed by Abbasi et al. [1] and
this is the best known. They also showed that the greedy algorithm cannot perform better than

Q(log log n) for submodular facility location.

We will assess the greedy algorithm for the hierarchical facility location problem and we show
that the greedy algorithm is a constant approximation. In doing so we identify a suitable set of
inequalities that capture the essence of the greedy algorithm. These inequalities then help us
formulate a linear program, an optimum solution to which identifies the worst-case performance
of the greedy algorithm. For instances of size up to 300, the greedy algorithm has an approx-
imation ratio at most 4 and this is also our conjecture for the approximation guarantee of the
greedy algorithm for arbitrary-sized instances. Factor-revealing LP to identify the approxima-
tion guarantee of the uncapacitated facility location problem was discussed by Jain ef al. [30].
However, since the number of trees on a set of m clients/services could be exponentially large,
this idea cannot be applied directly to the setting of HFLP. The inequalities we formulate can
be interpreted as the greedy algorithm applied to instances where the tree is a path, and this lets

us formulate a succinct linear program.

We believe that the tools and techniques we develop for the hierarchical facility location prob-
lem would find use in analyzing greedy algorithms for other related problems like the group

Steiner tree and the directed Steiner tree. In particular, the possibility of capturing the key el-



ements of the greedy algorithm by a simplified structure (a skewed path) is something worth

exploring for these other problems too.
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