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Abstract

Queueing models have proven to be a versatile tool for modelling and evaluating
complex systems in various fields such as operation research (flexible manufacturing
systems, repair systems, traffic networks), computer science (computing systems, pro-
gram behaviour), telecommunication research and biology (population models, infection
models). Successful modelling in all these areas depends heavily on the possibility of
explicitly determining the behaviour of the underlying Markov processes which are intro-
duced to describe the model’s evolution over time. Mostly researchers have investigated
the queueing models by considering the probability generating functions or Laplace
transform technique and applying it on the differential-difference equations. However,
these techniques fail if we have a large set of differential-difference equations which are
too cumbersome to handle even for a steady-state solution. Our attempt is to find an
alternative approach to analyse some queueing models and to obtain even the transient,
praobabilities without using the classical technique such as the probability generating
function or any of the known numerical method.

The approach is based on expressing the transient probability as infinite series whose
coeflicients satisfy simple recurrence relations which in turn allow the rapid and efficient
evaluation of the probabilities.

The present study investigates the single server and multi-server queues. Using the
proposed technique we obtain a new closed form for the transient probabilities of the
single server Markovian queue as well as the busy period distribution for the multi-server
queue. We also use the proposed approach to other models of queueing networks such
as the queue in series (tandem queues) and shortest queue (jockeying in queues). The
efficacy of the results derived are illustrated by numerical computations. Moreover, a
brief comparison of our approach and other methods is given with regard to the CPU

time for computations.



The thesis is divided into six chapters. Fach chapter gives a brief introduction
about the problem considered and presents development of the theory and finally, its
applications and numerical computations are also shown. The details of the different

chapters are given below.

CHAPTER -1

This chapter includes a broad survey of the earlier related work which motivated
the study of the problems investigated in this thesis. It also contains and explains some
fundamental concepts of queueing theory emphasizing the aspects relevant to this thesis.
Some important examples of networks such as, queues in series and shortest queue are

presented.

CHAPTER - 11
This chapter discusses the single server Markovian queue with finite and infinite
waiting space. Here, we have come a long way from the available results of M/M/1/N
queue in the literature, which are so complex that it is almost impossible to obtain the
results for the infinite case M/M/1/oo by making N — oo in those results. Here, we
~succeed in obtaining a simpler closed form formula for the transient state probabilities

for M/M/1/N queue which can be expressed as:
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and p,(t), A, g4 & p = A/u are the usual symbols used for this model. The infinite case

where

with

results come out directly by taking the limit N — oo, we obtain

oQ [m‘n] m m m
pa(t) = “”)“‘“ZO{Z {( )—( _1)},;}(*;?! S

so that as p — 1 and N — oo we get
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which agree with the results as reported in Sharma & Bunday (1997), for M/M/1/o0
queue. By making ¢ — oo we also obtain easily the well known steady state result
for p < 1. It is also shown that the mean and variance of queue length can be easily
obtained numerically from the transient state probabilities. Comparison in CPU time
‘required by the new formula and other solutions of htis model is presented. Recently
Conolly & Langaris (1993) have shown the equivalence of the classical Bessel functions
form and Sharma & Shobha’s series formula (1984) for the transient state probabilities
of M/M/1/co queue. In this chapter, using simple algebra we also establish that all

the three results concerning M/M/1/cc queue namely classical Bessel functions form,
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Sharma and Shobha (1984) formula and Sharma & Bunday (1997) formula are all equiv-

alent.

CHAPTER - III

The concept of busy period was introduced by Borel in 1942 and since then it has
almost become an integral part of the study of any queueing system. This chapter
analyses the multichannel Markovian queue using the proposéd approach in this thesis
in Chapter 2. A closed form expression is obtained for probability density function of

the duration of a busy period which can be expressed as

=t E( ) g ) e

whence its moments of any desired order can be explicitly obtained with the help of the

following theorem

Theorem 1 For any non-negative integral k and real z # 1,
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In the end numerical applications of the cumulative distribution are also highlighted.

-

vil



CHAPTER - IV
This chapter deals with the transient behaviour of M/M/c/N queueing sys£em. Simi-
tar series method introduced in the previous chapters has been extended to this model
which enables us to compute the transient solution aveiding eigenvalues computation and
requires less CPU time. The distribution of busy period is also computed for different

values of foe and N by obtaining the distribution function.

Bll) = /t b)Y du

o0 -l
emi (ep)™"
= 7 mz_:oa(7nvc)T]n1(t)
where /1, (1) satislies the recurrence relation
f1 _ s 7Ti
jm(t) = —m( (bep)t m!m_t(t), T 2 1

with

1
[U(t) = m (1 _ e"('\“*'cll]i)

Maoreover, the effect of the traflic intensity on the model’s paramaters such as idle
probability and average queue length is shown. The effect of the initial condition and the
waiting room capacity N on the transient state probabilities and the model’s parameters

1s worked out.

CHAPTER - V

In this chapter, numerical studies on the effect of server arrangements on the transient
behavionr of queues in series network are presented. A finite space queueing model
consisting of v queues in series with single server facilities at each queue is discussed.
Poisson inpul and exponential service times have been assumed. The computation of the

time dependent state probabilities p(rny,ny, -+, n,,¢) for queues in series is developed
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by writing the transient probability in the form:

p(ﬁ,t) — e—ﬂt ioa(m’&) (,Bt)m
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Furthermore, numerical results concerning the important characteristics of the system
such as average queuc length (number of customers in the system), idle probability,
overflow probability, utilization and effect of utilization factor on these parameters are
carried out. To establish that the sum of the probabilities is one, an analytic proof of

the following Lemma is given.

Lemma 1 For any positive integers m and N (N is fized)
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CHAPTER - VI

This chapter is devoted to discussion of a queueing network consisting of two queues
in parallel being fed by a single stream of Poisson arrivals with rate A. The service
times in each of the two queues are independent and exponentially distributed with
parameters p; and p, respectively. The capacity of each queue is finite, say N, i.e., the
total number of units the system can take is 2/V including the ones being served. The
arriving customer joins the shortest of the two queues and if these are of equal lengths,
he joins either of the queue with probability 1/2. The moment a server becomes idle
and there are customers waiting in the other queue, the customer immediately following
the customer who is receiving service at that counter is transferred to the idle server’s
queue. This model is called shortest queue model with jockeying. The first part of this
chapter deals with the derivation of the differential-difference equations satisfying the

transient probabilities p;;(t). Using the matrix method and the fact that pi;(t) = 0, as

ix



t — oo the equilibrium equations can be rewritten as

where
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with
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3

which enables us to compute the steady-state solution using the following theorem:

Theorem 2 For any integere, : =1,2,3,---, N we have
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and Q1 = Ag =1, QN’:BJ_\}l and Q; =[Bi"ci+1Qi+1Ai]_1: i=N-1,N-2,-.-,2
and Py = [p1r Pr1 P2k Pr2 "+ Pk-1k Pkk—l Pkk]t, k=1,2,---,N.

The second part of this chapter deals with the computation of the transient probabilities
using the proposed method in this thesis by writing the transient state probability pi;(t)

as

m

pi;(7) = e~ UFAIT pits Z a(m,i,7)—

where 7 = (g + p2)t and p = A/(p1 + p2).
This transforms the differential - difference equations into difference equations that

enables us to compute a(m,1, ) easily and hence py;(t). Certain other important results
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have also been worked out. Moreover, to prove "N TN opi;(t) = 1, the following

lemmas have been esta,blishéd.

Lemma 2 For any non-negative integers m and N, N > 1, we have
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Lemma 8 For non-negative integers m, N, N > 1, we have
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