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S Y N O P S I S

The usual rea l v a r ia b le  theory estim ate fo r  a ru le  o f  

numerical in te g ra t io n  i s  given in  terms o f c e r ta in  high order 

d eriv ativ es  o f the integrand. In  the case o f  a quadrature 

ru le  the erro r  estim ate i s  usually gives in  the form Ic f™ ^)
71

where k^ i s  a p o s it iv e  constant depending upon the ru le  and 

f  (£) i s  the nth order d eriv ativ e  evaluated a t  an interm ediate 

point g while fo r  a cubature formula, the error  i s  usually 

expressed in  the form where kn* kn >  0 are

constants independent o f  f ,  and the d eriv ativ es  o f the 

function  appearing are evaluated a t  c e r ta in  interm ediate

points gjj and ^ e l .  S ince these estim ates  are o f  the mean 

value type, the exact lo c a t io n  £, i s  mostly unknown. Instead, 

sometimes, the erro r  i s  bounded by k^* max | f  (a?) |, However 

in  mary cases i t  i s  fa r  from convenient to o b ta in  f n o f  the • 

bounds on i t  even for quite elementary fu nction s.

A method based on H ilb ert space technique was proposed 

by Davis in  1953 for  estim ating erro rs  o f  the ru les o f  

numerical approximations for  a n a ly tic  fu nction s. This method 

i s  e s s e n t ia l ly  an a p p lica tio n  o f  the Riesz rep resen ta tion  

theorem, and Schwarz in eq u ality  |E(f)| <  \\e\\ ijf|| i s  used 

to obta in  bounds for  the error E o f  ru les  o f  numerical approxi­

mation. Davis and Rabnowitz and a number o f  other workers 

have recen tly  used th is  approach fo r  estim ating  erro rs  o f  

numerical in te g ra t io n  over the H ilb ert space L2 (Ep) .



In  th is  th e s is  we have in v estiga ted  the problem o f

obtain ing erro r  estim ates fo r  c e r t a in  ru les  o f  numerical 

in te g ra tio n , fo r  example the Newton-Cotes ru le s ,  the 

Gaussian quadrature formulas, the Romberg in te g ra tio n  scheme 

and Qaussian-Product formulas; . In  the th e s is  we have used 

two d if fe r e n t  approaches fo r  obtain ing these error estim ates*

In  the f i r s t  the Fburier method i s  used to express the erro rs  .« 

o f  numerical in te g ra t io n  in  terms o f  c e r t a in  c o e f f i c ie n ts  

in  the orthonormal expansion o f the integrand, and d if fe r e n t  

methods have been proposed for  the computation o f  these 

fb u rier  c o e f f ic ie n ts *  In  the second approach to estim ate ’

errors  o f  quadratures, Davis* method has been used over 

the H ilb ert  space II2 ( E >. and; £rom the resu lts ' obtained here, 

i t  appears th at the H ilbert space H2 (E ) i s  more appropriate
r

to work with than L2 (Ep) which has been used so f a r .  A 

number o f  ta b le s  giving the erro r  norm and erro r  estim ates 

over H2(Ep) have been given which are useful fo r  p r a c t ic a l  

app lication s o f  Davis' method.

The th e s is  c o n s is ts  o f  the follow ing f iv e  chap ters :

Chapter I

In  th is  chapter, estim ates involving only the values ^

o f  the integrand have been obtained for  the Ghuss-Legendre
V

and the Qauss-Chebyshev cubature formulas. The method 

c o n s is ts  of expressing the erro r  o f a Ghussian product 

formula in  terms of the corresponding Ghuss quadrature formulas 

and estim ating the errors  o f  the l a t e r  i n  terms of c e r t a in  

c o e f f i c ie n ts  in  the Fourier-Chebyshev expansion o f the integrands.



The fburier-Chebyshev c o e f f i c ie n t s  involved in  the estim ates 

can be computed by the scheme proposed by Clenshaw (see a lso  

chapter I I ) .  Thus these estim ates can be computed e f f i c i e n t l y  

in  terms o f functional values without ary fu rth er  an alysis  o f  

the integrand. Examples given in d ica te  the e f fe c t iv e n e ss  o f  

the estim ates even for  moderate values o f  n . In  the second 

part o f  the chapter a Ghussian-product formula i s  obtained 

fo r  the u n it  c i r c l e  which i s  the same except fo r  a ro ta t io n  

as th a t  given by P ie rce . S im ilar  techniques are used to 

estim ate the errors  o f  th is  Ghussian cubature formula for  

the u n it  c i r c l e .

Chapter I I

R>r the c a lc u la t io n  o f the Chebyshev c o e f f i c ie n t s  in

the expansion o f  a function  the method was proposed by

Clenshaw using d isc re te  point orthogonality  re la t io n s  o f  the
•

Chebyshev polynomials over the ab sc issa s  x-  =  cos —  .
1 n

n . F i r s t ,  in  th is  chapter, we show that these 

orthogonality  r e la t io n s / r e s u l t  from the usual orthogonality  

over [ - 1 , 1 ] with the weight ( l - » 2 ) by rep lacin g  the in te g ra l  

by the Qauss-Chebyshev quadrature formula o f  the c losed  type 

with f ixed  a b sc issas  a t  x  — ± 1 , Then we have developed two 

sem i-closed Gbuss-Chebyshev quadrature formulas corresponding 

to the f ix e d  abscissa  x  — 1 or x  ~  —1 . The erro r  analysis 

o f  these quadrature formulas i s  a lso  included. These two 

sem i-closed Ghuss quadrature formulas are , then, used to 

ob ta in  two new orthogonality  r e la t io n s  for  the Chebyshev -polyno- 

tnifc&s, which lead to two b e tte r  schemes fo r  the approximate
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c a lc u la t io n  o f  the Chebyshev c o e f f i c i e n t s .  These schemes are 

used for  the approximate c a lc u la t io n  o f in te g ra ls  when the 

integrand i s  expressed by a truncated Chebyshev s e r ie s .

Numerical examples in d ica te  th a t  these two schemes give b e t te r  

r e s u l t s .

Chapter I I I

Fbr estim ating the errors o f  quadratures fo r  functions 

a n a ly tic  over [ - 1 , 1 ] ,  Davis has proposed a H ilb ert space method 

using the H ilb ert space L2 (Ep) .  Davis and Rabinowitz have 

produced the tab le  o f  the error norms over L2 (E ) fo r  the
r

Trapezoidal, Simpson, Weddle, Ghuss 2 ,3 ,7 ,1 0 ,1 3 ,  16-point 

ru les  and fo r  d if fe r e n t  values o f the e l l ip s e  parameter 

a  =  (p+p } / 2 ,  p > 1 .  This tab le  was, l a t e r ,  co rrected  by 

Lo,Lee and Sun. In  the present chapter we have studied 

numerically Davis’ method over the H ilb ert  space H2 (E ) .
r

Error norms over the H ilb ert  space II2 (E ) have been ca lcu la ted
P

fo r  the Trapezoidal, Simpson, GuTss-Legendre 2 to l 6~point, 

Ghuss-Chebyshev and Lobatto quadrature formulas and for  the
r

values 1,0001 <  a <  5.O.. I t  has been observed that the 

erro r  norms over H2 (E ) are much sm aller than those obtained
r

over L2 (E ) .  In  fa c t  we observe th a t  for  p c lo se  to unity
r

(the range o f in te r e s t  when the s in g u la r ity  o f  the integrand 

are c lo se  to the in te rv a l  o f  in te g ra t io n )  the l i n e  in te g ra l  

norm i s  much sm aller than the double in te g ra l  norm. R>r 

example, fo r  the Trapezoidal rule and fo r  a = 1 ,0001 the 

double in te g ra l  norm i s  nearly a thousand time g rea ter  than
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the corresponding l in e  in te g ra l  norm. Another in te r e s t in g  

observation  i s  th a t the l in e  in te g ra l  norm fo r  a quadrature 

formula with fixed  number o f  points stays smaller than the 

corresponding double in te g ra l  norm as a in creases  t i l l  i t  

assumes some value aQ and th is  t r a n s it io n a l  value a  goes up 

as the number o f  points employed in  the quadrature formula

in cre a se s .  Thus, fo r  example, fo r  Ghuss f iv e  and higher 

point formulas the l in e  in te g ra l  norm i s  le s s  than the 

double in te g ra l  norm fo r  a l l  a >  1 through 5. Since in  

p ra c t ic e ,  one needs the error estim ates ra th er  than

ju s t  the norm o f  the erro r , we have a lso  tabulated o. ( p) 

along with and for  the sake o f  comparison the error

estim ate a D(p) over the H ilbert space L2 (E ) are a lso  given,
r

Again i t  i s  observed that oL (p) i s  c o n s is te n t ly  smaller than 

oD(p) for a l l  p >  1 .

Chapter IV

Since fo r  a fixed  s e le c t io n  of a b sc issa s  s. and weights
ic

\ ’ Iv 7i in  a quadrature formula, the usual (m -l)-

point ru le  need not y ie ld  a minimum value o f  the corresponding 

error  norm. In  the present chapter we have studied the 

optim ization o f  c e r ta in  quadrature formulas over the H ilbert 

space Ha (E ) .  For each o f  these quadrature formulas we have

ound a new s e t  o f  weights ca lle d  the optimal weights corres­

ponding to which the l in e  in teg ra l  error rorm is  minimized.

R>r the Trapzoidal ru le  and fo r  the n-point Ghuss—Chebyshev 

quadrature formula we have obtained closed form expressions

t
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for  the corresponding optimal weights. However, for Simpson, 

Ghuss-Legendre three to e igh t point and Lobatto four to 

e ight point we have obtained numerically the corresponding 

optimal weights by solving the corresponding l in e a r  norm 

minimizing equations by an i t e r a t i v e  scheme. Hie corres­

ponding values o f  the minimal erro r  norms corresponding to 

these optimal weights have also  been tabulated . I t  i s  observed 

that the weights s e t t l e  down to the c la s s i c a l  values, as the 

e l l ip s e  parameter a in crea ses , much f a s te r  than the co rres­

ponding optimal weights over L2 (E ) .  Also the re su lt in g
r

optimal quadratures over II2 (Eo> give sm aller error estim ates
r

than the corresponding error estim ates over L2 (E ) .
P

Chapter V

In  th is  chapter we have studied the Romberg in te g ra tio n

scheme. The error analysis  o f  th is  method has been attempted 

by using Peano’ s theorem by Mein^uet and fo r  the case o f  

an a ly tic  functions by Davis' method by Meinguet and Stroud 

using the H ilb ert  space L2 (E } .  Here we have extended the
r

procedure of estim ating error by Davis' method o f  chapter I I I  

for the Romberg procedure. We have obtained the error norms 

and error estim ates for  the Romberg formula using N =  2n+l 

points which have a p rec is io n  o f  2n+l over the H ilb ert  space 

H2 (Ep) and fo r  values o f  a from 1 .4  to 5 .0 ,  We observe th at 

the l in e  in te g ra l  error florms are superior to those obtained 

over L2 (Ep) by Stroud.
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