EIGENSUBSPACE BASED ALGORITHMS FOR
POLYSPECTRAL AND MULTIDIMENSIONAL
SIGNAL PARAMETER ESTIMATION OF
HARMONIC PROCESSES

By
HARISH PARTHASARATHY

Thesis submitted
in fulfilment of the requirements
for the award of the degree of

DOCTOR OF PHILOSOPHY

Dgans

Department of Electrical Engineering

INDIAN INSTITUTE OF TECHNOLOGY, DELHI

INDIA
AUGUST, 1993



To my parents



CERTIFICATE

This is to certify that the thesis entitled "Eigensubspace Based Algorithms for

Polyspectral and Multidimensional Signal Parameter Estimation of Harmonic Processes",

being submitted by Harish Parthasarathy to the Department of Electrical Engineering,

Indian Institute of Technology, New Delhi, for the award of the degree of Doctor of

Philosophy, is a bonafide research work carried out by him under our supervision. The

results contained in this thesis have not been submitted to any other University or Institute

for the award of any degree or diploma.

AN

Surendra Prasad,

Professor,

Department of Electrical Engineering,
Indian Institute of Technology,

New Delhi 110016.

G-

Shiv Dutt Joshi
Assistant Professor,
Department of Electrical Engineering,
Indian Institute of Technology,

New Delhi 110016.



Acknowledgements

I am deeply grateful to my supervisor Prof. S. Prasad for his constant encouragement,
invaluable guidance and critical suggestions during the progress of this work. I also wish to
thank him for reading very carefully through this thesis and suggesting various
improvements. Without his enthusiastic participation, this work would not have been in its
present shape.

I would like to thank my co-supervisor Dr. S. D. Joshi for several useful discussions
which have enabled me to look at the problems of the present work from different angles.
[ am also thankful to him for suggesting improvements in this thesis.

I wish to express my indebtedness to Prof. J. B. Srivastava of the mathematics
department for his systematic and thorough presentation of courses on linear algebra and
matrix theory which proved to be indispensable for this work.

To acknowledge the help taken from friends is always a joy. In this regard, 1 thank
Mrityunjoy, Kaushik, Vikram and Markan for rendering their services on numerous
occasions, right from sorting out problems with word processing software and virus attacks
on the P.C,, to providing their invigorating company throughout my stay here. Apart from
these, I wish to express my gratitude to lab assistants Ravinder and Yadav for their help
regarding the lab facilities and maintenance.

The debt which I owe to my father for introducing me to the process of quantitative
scientific thought and keeping my interest in science alive, is too heavy to be repaid in
words. His presence has been a great source of inspiration and strength throughout my life.

Finally, [ cannot find adequate space here to thank my mother, who has virtually taken
care of all my day-to-day needs. I thank her and my brother for providing me with much

needed moral support at various times and a tranquil atmosphere at home. Their sacrifices

Hk P Az

Harish Parthasarathy

are too many to be ennumerated.



Abstract

Generally, higher order statistics and spectra, in conjunction with the second order
statistics and the power spectrum, provide additional information regarding statistical
properties of random processes and parameters of systems, to what can be obtained using
only the latter. As such, they enable us to obtain more accurate characterizations of signals
and systems. An important motivation behind the use of polyspectra is based on the fact
that the power spectrum is phase blind. It gives only the distribution of power among the
harmonic components of a process, but suppresses all information regarding phase relations
and other statistical dependencies that might exist among these components. On the other
hand, any polyspectrum of order greater than two is phase sensitive, and hence‘carries
some phase information about the process. As such, polyspectra have been used by
researchers to quantify phase relations. Since phase relations among the harmonic
components of a process are typically due to nonlinear interactions, polyspectra being phase
sensitive, can also be used to characterize nonlinearities via phase relations.

Of particular interest is the study of the polyspectra of harmonic processes. This is
because, harmonic processes serve as prototypes for many commonly observed physical
processes, especially when the number of dominant frequencies in the signal is small. Such
signals appear in a wide variety of applications like harmonic retrieval, bearing estimation
of narrowband sources, echo resolution, time delay estimation and transient response
analysis.r Much attention has been devoted in the literature to frequency estimation of
harmonic processes. The classical Fourier, the minimum variance and the principal
component estimators are some of the suboptimal spect£al estimators, which overcome the
computational problems of the maximum likelihood estimator. These, however, are limited
in resolution by the uncertainty principle arising out of the finite observation interval, as
well as by the signal to noise ratios. The more recent eigensubspace methods, notably

MUSIC and ESPRIT, have proved to be the most powerful and popular tools for the class



of sinusoidal parameter estimation problems. They exploit the rich subspace structure of the
correlation matrices of sinusoids in white noise and produce very high resolution frequency
estimates compared to all the other suboptimal methods. Yet they do not suffer from
computational difficulties that arise in implementing the ML estimator. Furthermore, from
a theoretical viewpoint, the eigensubspace methods are more natural approaches for
modeling and spectral parameter estimation of harmonic processes, as compared to the time
series based methods. In fact, since harmonic processes are generated by self excited AR
systems, these processes cannot be realized as outputs of white noise driven rational models
(which is the basic philosophy behind parametric time series modeling). On the other hand,
the eigensubspace techniques for power spectrum estimation exploit apriori knowledge of
the structure of the autocorrelation matrix of white noise corrupted sinusoids, and as such,
are more natural approaches to sinusoidal parameter estimation.

Motivated by these nice properties of the eigensubspace estimators for power spectrum
estimation, we have attempted to develop in this thesis, higher order extensions of these for
estimating the polyspectra of harmonic processes. In particular, this thesis proposes new high
resolution eigenspace methods for quadratic coupling and bispectrum estimation, and more
generally, for polyspectral parameter estimation in noise corrupted harmonic signals. These
techniques exploit the subspace structure of certain “cumulant matrices"”, just as the
eigenstructure methods for power spectral analysis exploit the subspace structure of the
correlation matrices. The specific contributions of this thesis are briefly outlined below.

A new structured matrix is first proposed, constructed from the complex third order
cumulants of a noisy harmonic process. A higher order MUSIC algorithm , based on the
complete orthonormal eigenstructure of this matrix, is developed for estimating the phase
coupled frequency pairs in the signal. For this purpose, a correspondence bétween the
coupled frequency pairs and certain "steering vectors" in the signal subspace of the cumulant
matrix is set up via the Kronecker product map. The algorithm involves constructing a

search function of two frequency variables by exploiting this correspondence and the signal-
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noise subspace orthogonality. We term this function as the MUSIC pseudo-bispectrum, as
the location of its peaks coincide with those of the true bispectrum (although the strengths
of the peaks do not).

Higher order ESPRIT algorithms for estimating and quantifying phase coupling are
developed next. These involve, in addition to the cumulant matrix constructed for the
MU SIC -like method, two other "shifted versions" of it. ESPRIT - like algorithms based on
rotational invariance properties of these shifted cumulant matrices are used to extract the
coupled pairs and the coupling strengths from their generalized eigenstructure. Some nice,
algebraic interpretations for phase coupling in terms of the dimensionality of the
intersection between generalized eigenspaces are derived in the process.

The above methods are subsequently generalized to obtain similar eigensubspace
algorithms for extracting the polyspectral parameters of an arbitfary random harmonic
process. Specifically, exploiting the apriori structure of the higher order statistics of sinusoids
in noise, higher order MUSIC and ESPRIT-like techniques are developed for extracting the
locations and strengths of the polyspectral impulses in the higher dimensional frequency
plane. Apart from providing practical high resolution eigensubspace algorithms for
estimating polyspectra, these techniques offer insight into the structure of higher order
phase coupling and polyspectra from an algebraic point of view by providing subspace based
interpretations for these. These approaches to polyspectral analysis may be regarded as
appropriate higher order extensions of the well known correlation matrix based MUSIC and
ESPRIT algorithms used in the power spectral analysis of harmonics.

Since, in practice, the above algorithms are implemented by replacing the true cumulant
values by their estimated ones, we‘ require to perform a statistical analysis of the cumulant
estimates of a harmonic random process from finite data. We derive conditions for a
harmonic process to have stationary higher order complex cumulants and moments.
Conditions are also derived for the higher order ergodicity, i.e., conditions for convergence

of cumulant and moment estimates based on sample averages to the true statistical values.
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Upper bounds on the peak values of the absolute errors involved in estimating the higher
order moments from a finite data set are derived. The asymptotic values of these error
bounds are also obtained. In addition, the corresponding upper bounds on the error
variances have been computed. All these bounds are expressed as functions of the data
length and the signal parameters (frequencies and amplitude statistics). In the process, we
obtain a lower bound on the sample size for accurate estimation of the higher order
moments of a harmonic signal. These results are then specialized to third order moments,
and special attention is focussed on a harmonic process with phase relations of the
quadratic coupling type.

Finally, by invoking the structural similarity between the autocorrelation function of a
multidimensional sinusoidal random process, and the higher order cumulants of a one
dimensional sinusoidal process, the proposed algorithms for polyspectral estimation have
been suitably modified and applied to the multidimensional harmonic retrieval problem.
This leads us, in particular, to a matrix pencil solution to the 2-D bearing estimation

problem using sensor array triads having almost arbitrary geometries.



Table of Contents

Acknowledgements . ... ... .. ... e 1
Abstract . ........... .. .. ... ... e e e e e e e e e e i
List of Abbreviations . .. .. .. ... ... .. .. . e e e vi
List of Symbols . .. ... .. . . . e e Xiii
List of Figures . . . ... . .. i e e e e e Xix
List of Tables . ... ... ... .. i i e et e e e xxiii

Chapter 1 Introduction

1.1 A Brief Review of Higher Order Spectra in Signal Processing ............. 1
1.2 Definitions and Properties of Polyspectra . ........................... 6
1.3 Quadratic Phase Coupling and the Bispectrum ....................... 10
1.3.1 Definitions .. ... ... ...t e 10

1.3.2 Nonparametric (Conventional or Fourier) Methods for Bispectrum
Estimation . . . .. e e e 11
1.3.3 Parametric Methods for Bispectrum Estimation ................ 12
(i) MABased Methods .......... ... ... ... ... ... ... 15
(i) ARBased Methods .. ........ ... ... ... ... ... ..... 17
(iii) ARMA Based Methods . ............................ 20
(iv) Other Methods . . ...... ..., 21
1.3.4 Problems associated with the Parametric Methods .............. 23
1.4 Finite Data Estimates of the Cumulants and their Polyspectra ............ 24
1.5 Sinusoidal Parameter Estimation (Harmonic Retrieval) ................. 26
1.5.1 Classical Fourier Based Methods . .......................... 26
1.5.2 Maximum Likelihood Frequency Estimation ................... 27
1.5.3 Spectral Estimaton Approach to Frequency Estimation ........... 27
1.5.4 AR Spectral Estimator . ..............0 i, 28
1.5.5 Minimum Variance Spectral Estimator (MVSE) ................ 28

1.5.6 Eigenvector Methods : Principal Component and Eigensubspace Spectral
Estimation . . ......... ... e 29
(i) Principal Component Methods .. ....................... 30

vili



(ii) Eigensubspace Methods .............................. 31

1.5.7 Algorithms Based on Higher Order Statistics .................. 33

1.6 Multidimensional Power Spectrum and Sinusoidal Parameter Estimation . ... 35
1.6.1 The Structural Similarity Between Polyspectra and Multidimensional Power

Spectra . ... e 35

1.6.2 A Survey of Two Dimensional Power Spectral Estimation ......... 37

1.7 Contributions of this Thesis . ... ... ... ... ... ... ... .. ... ... .... 40
1.8 Organizationof the Thesis . .............. ... . ... .. . ... 42

Chapter 2 A MUSIC Like Pseudo - Bispectrum for Estimating
Quadratic Phase Coupling

21 Introduction . .... .. ...ttt e 44
2.2 The Quadratic Phase Coupling Problem ............................ 46
2.2.1 Signal and Noise Model and Basic Assumptions ................ 46

2.2.2 Complex Third Order Cumulants and Bispectra of Harmonic Processes
with Quadratic Coupling . . . . ....... ... ... ... . . 50
223 Statementof the Problem ........... ... ... ... .. ... ... 54

2.3 Equivalence to the General Bispectral Estimation Problem for Harmonic
Processes .. ... e 55
23.1 Motivation for a General Formulation of the Bispectral Parameter
Estimation Problem .. ...... .. ... ... ... .. ... . . ... ..... 55
2.3.2 The Signal Model for a Third Order Stationary Harmonic Process . .. 56
2.3.3 Structure of the Third Order Cumulants and Equivalence to Quadratic

Coupling . ... ...t i e e 57

234 Summary of the Problem . ...... ... ... .. .. ... .. ... ... 60

2.4 Construction of Complex Cumulant Matrices ........................ 61
2.5 Generalized Eigensubspace Estimators . ............................ 68
2.6 The MUSIC Pseudo - Bispectrum Estimator ......................... 73
2.7 Simulation Results . . ......... ... .. ittt 75
2.7.1 Estimation of the Cumulant Matrix C, . ...................... 76

272 Simulation Experiments . .. .............. ..., 77

(i) Eigenvalue Evolution With Record Length ................ 77



(i) Some Typical Plots of the MUSIC Pseudo - Bispectrum
Estimator .. ... ... ... . 80
2.8 ConcClusions . . . .. .ottt e e e P 82

Chapter 3 ESPRIT Like Algorithms for Estimating Quadratic Coupling

3.1 Introduction ... ... ... ... e 83
3.2 A Class of Rotationally Invariant Complex Cumulant Matrices . . .......... 84
3.3 Estimation of QC components . .................. ..ttt 88
3.3.1 Rank and Subspace Structure of the Cumulant Matrices .......... 89

3.3.2 The 2-D ESPRIT Algorithms : Extracting the Decoupled Components
2 T 93
3.4 Pairing of QC Components and Determining the Skewness .............. 99

3.4.1 Pairing Test via Dimensionality Inspection of Intersection Eigensubspaces
of Matrix Pencils : Algorithm 1............................ 99
3.4.2 Pairing via a Single Two-Parameter Matrix Pencil : Algorithm 2 ... 108
3.5 Finite Data Considerations ...................cc.0iiiiiii..... 114
3.5.1 Estimating the Third Order Cumulants . .. ... ................ 115
3.5.2 Estimating the QC Pair Components . ......:............... 116

3.5.3 Pairing the Decoupled QC Components and Estimating the Signal
Skewness Algorithm 1 ......... ... ... ... ... .. ........ 117

3.5.4 Pairing the Components and Estimating the Signal Skewness,

Algorithrﬁ 2 e e 118
3.6 SimulationResults . .. ... ... ... ... . . . 118
3.7 CONCUSIONS . . ..ottt 122

Chapter 4 Generalization of the Subspace Algorithms : Eigensubspace Techniques for

Polyspectral Parameter Estimation of Harmonic Processes

4.1 Introduction ......... ... ... .. ... 124
42 Problem Statement ........... ... ... 128
4.2.1 Signal Model and Higher Order Cumulants .................. 128
4.22 The Polyspectral Parameters ............................. 131
4.2.3 Symmetric and Antisymmetric Parts of the Cumulants . .. ........ 133
4.3 Structured Cumulant Matrices and their Rank - Subspace Properties .. .... 134



. 44 MUSIC Pseudo - Polyspectrum . .. ... ... .. ... ... i
45 Polyspectrum ESPRIT Algorithms .. ........ ... ... ... ...........
4.5.1 Obtaining the Individual Components 6, ; ...................
4.5.2 Grouping the Co-ordinate Frequencies and Estimation of the
Polyspectral Impulse Strengths .. .........................
(i) Algorithm 1 for Forming the Frequency r-Tuples and
Extracting the Impulse Strengths . ... ...................

(ii) Algorithm 2 for Forming the Frequency r-Tuples and Obtaining

the Impulse Strengths . .. ..... ... ... ... .. ... ... .....

4.6 ConClUSIONS . . .o vt i e e e e e e e e

Chapter 5 Stationarity and Ergodicity Problems Associated With Estimating the Higher

Order Moments of a Harmonic Random Process
S.1 Introduction . ... oot e e e
5.2 Preliminaries, Definitions and Problem Formulation ..................
5.3 Conditions for Higher Order Stationarity ... .......................
5.4 Conditions for Higher Order Ergodicity ............. e
5.5 Variance of the Moment Estimates ............... ... ... .......
5.5.1 Higher Order Ergodicity in Mean Square . ...................
552 Bounds onthe VarianceS ... ..... ... ... .. ..t
5.6 Bounds on the Peak Values of the Estimation Errors .................
5.7 A Special Case Relevant to Polynomial Nonlinearities . .. ..............
5.8 Specialization of the Results to Third Order moments .................
5.8.1 The General Results for Third Order Moments ...............
5.82 A Case Relevant to the Quadratic Coupling Model ... ..........

5.9 ConclUSIONS . . . . v v et e e e e e e e e e e e

Chapter 6 Eigensubspace Methods for Multidimensional Harmonic Retrieval
6.1 Introduction . ... ... ... ...t e
6.2 The Problem of Multidimensional Harmonic Retrieval ................
6.3 Matrix Representations of the Signal and Autocorrelation Model .. .......
6.4 Rank and Subspace Structure of the Correlation Matrices .. ............
6.5 Multidimensional MUSIC . ....................... R

Xi



6.6 Multidimensional ESPRIT Algorithms . ......... . .. ..... .. ..... 206

6.6.1 Extracting the Co-ordinate Frequencies ..................... 206
6.6.2 Combining of Decoupled Co-ordinates into Multidimensional Frequency
r - tuples and Estimation of the Correlation Matrix ............ 207
6.7 An Application to 2-D Bearing Estimation ......................... 210
6.7.1 Background ............ ... ... ..., 210
6.7.2 The 2-D Source Location Problem . ........................ 211
6.7.3 Matrix Model for the Array Signal Vectors . . ................. 213
6.7.4 The Correlation Matrices ................. .. ... ... ...... 217
6.75 The Finite DataCase .......... ... ... i, 218
6.8 A Simulation Example . . ... ... ... ... . e 220
6.9 Conclusions . . . ... e e e 222

Chapter 7 Conclusions and Suggestions for Further Research

7.1 Introduction . ...ttt e e e e e e 223
72 Summaryof the Thesis ......... ... .. ... .. 224
7.3 Scope For Further Work ....... ... . ... ... .. . . . ... . . ... 227
Appendix A Some Relevant Matrix Theory Results 233
RO OIS . . . ittt e 239
Publications Based on the Results of this Thesis . ........................ 247

Xii



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13

