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Abstract

The multiscale modelling of graphene sheets and carbon nanotubes is computationally
efficient and has almost the same accuracy as that of the atomistic simulation. It is
concluded from the literature review that the nonlinear constitutive behaviour at finite
strain and curvatures, nonlinear static/dynamic behaviour of graphene sheets including
material and geometric nonlinearities have not been investigated. Further, there is a need
to develop computationally efficient locking free finite element in cylindrical coordinate

system for multiscale modelling of carbon nanotubes.

The present work deals with the multiscale modelling of the graphene sheets and
carbon nanotubes in the finite element framework incorporating material and geometric
nonlinearities through interatomic potential and strain—displacement relations,
respectively. The deformations at atomic and continuum levels are coupled through
Cauchy-Born rule including the effect of curvature tensor on the bond length. The
nonlinear constitutive law is derived from the strain energy density function obtained
through Tersoff-Brenner potential. The four noded Kirchhoff rectangular element is
employed to discretise the graphene sheet at continuum level. The four/eight noded
Kirchhoff rectangular and improved discrete Kirchhoff quadrilateral membrane
inconsistent/consistent elements are developed and employed to discretise the carbon

nanotubes.

The nonlinear static and dynamic response of graphene sheets under transverse and
in— plane loading and buckling/postbuckling response of carbon nanotubes under axial
compressive loading are investigated with/without material and geometric nonlinearities.
The transverse bending response of graphene sheets depicts softening behaviour with the

inclusion of material nonlinearity. The frequency response curves of graphene sheets,
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obtained using shooting technique in conjunction with Newmark’s time integration
scheme, depict greater effect of geometric nonlinearity as compared to material

nonlinearity for the loading parameters considered.

The investigation on free vibration and buckling characteristics of carbon nanotubes
revealed that the consistent interpolation of transverse displacement in circumferential
strain or quadratic interpolation of in—plane displacements significantly improves the
convergence rate as compared to four noded inconsistent element. In order to trace
equilibrium path with the presence of limit points for carbon nanotubes under axial
compressive loading, Newton—Raphson method in conjunction with the adaptive
displacement control and a computationally efficient asymptotic numerical method are
employed. The asymptotic numerical method is directly applied to cubic nonlinear
problem without converting it into quadratic form for the first time. The efficacy and
accuracy of the asymptotic numerical method is investigated considering transverse
bending of a plate, snap—through buckling of a cylindrical panel under central point load
and bending/postbuckling of graphene sheets. The significant increase in the limit point
load is observed with the inclusion of material nonlinearity due to hardening nature of

constitutive law under compressive strains.
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D,, S, R, : Parameters of interatomic potential function

ay, ¢y, d,

E, E : Green—Lagrange strain tensor

E, : Young’s Modulus along x direction

F, F : Elemental and global external load vectors

F. F, Elemental and global internal load vectors

F’ : Force vector due to stress and moment resultants
along the boundary of an element

F, Global external load vector corresponding to unit
load

F : Deformation gradient tensor

h : Thickness of the graphene sheet along z direction

H : Transverse displacement interpolation vector

K, K, : Elemental and global tangent stiffness matrices

K. K; Elemental and global geometric stiffness matrices

K, Linear global stiffness matrix

K G Global geometric stiffness matrix due to unit axial
force S, =1 nN/nmatx=L

K, K,, K, : Restoring forces linearly, quadratically and
cubically dependent on displacement vector

K, K : Curvature tensor

[, 1 Length of the element along x and y directions

Xxi1



L D R : Length, diameter and radius of the nanotube,

respectively

m, n : Integer numbers

m, : Mass of the carbon atom

M : Order of expansion in asymptotic numerical method

1\7[6’ M : Elemental and global mass matrices

M”, d", : Diagonal mass matrix, global degrees of freedom

d”, F” vector, modal amplitude vector and external load
vector in MM simulation, respectively

n’ : Unit vector along the undeformed bond vector

ij

N, H, H, : Interpolation functions used in finite element

G, H, interpolation

0, S, : Transverse/radial and in—plane loads

ro 7P : Deformed and undeformed bond lengths

ij°
r.. r° : Deformed and undeformed bond vectors
/A

S, M : Second Piola—Kirchhoff stress and moment resultant
tensors

T, ®, W : Kinetic energy, strain energy and virtual work of
external loads

T, t : Time period and any arbitrary time

u, v, w : Displacements along x, y and z directions,
respectively

U : Interpolation matrix of displacement field
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Greek Notations

B

P O

3

ijk

Interatomic potential function between two atoms

Strain energy per unit area or strain energy density

function

Chiral angle
Parameters of interatomic potential function

Internal relaxation vector

State vector consisting of displacement and velocity

vectors

Infinitesimal number

Total surface area and area of a finite element

Load multiplier

Constants of Newmark’s time integration scheme
Poisson’s ratio in x—y plane

Forcing frequency and natural frequency of ith mode

Area of the unit cell of the graphene sheet
Area mass density of a unit cell of graphene sheet

Angle between bonds
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Abbreviations

ANM
AFM
CNT
DFT
DLGS
DWCNT
FFT

GS
IDKQ
MLGS
MM/MD
MNL
MWCNT
REBO
SLGS
SWCNT
UFF

vdW

Asymptotic numerical method

Atomic force microscope

Carbon nanotube

Density functional theory

Double layered graphene sheet

Double walled carbon nanotube

Fast Fourier transform

Graphene sheet

Improved discrete Kirchhoff quadrilateral
Multi layered graphene sheet

Molecular mechanics/ Molecular dynamics
Material Nonlinearity

Multi walled carbon nanotube

Reactive empirical bond order

Single layer graphene sheet

Single walled carbon nanotube

Universal force field

Van der Waals
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